We formulate and prove a profinite rigidity theorem for the twisted Alexander polynomials up to several types of finite ambiguity. We also establish torsion growth formulas of the twisted homology groups in a Z-cover of a 3-manifold with use of Mahler measures. We examine several examples associated to Riley's parabolic representations of two-bridge knot groups and give a remark on hyperbolic volumes.
Introduction
Recently the profinite rigidity in 3-dimensional topology is of great interest with rapid progress. Nevertheless, it is still unknown whether there exists a pair (J, K) of distinct knots with an isomorphism π J ∼ = π K on the profinite completions of their knot groups. In the previous article [Uek18b] we proved that the Alexander polynomial of a knot K is determined by the isomorphism class of the profinite completion π K of the knot group. In this article, we formulate a version of profinite rigidity for twisted Alexander polynomials and prove it up to several types of finite ambiguity. In addition, we establish asymptotic formulas of the torsion growth of the twisted homology groups in a Z-cover of a 3-manifold, refining the studies of the author [Uek18a] and R.Tange [Tan18] . We finally examine several examples associated to Riley's parabolic representations of two bridge knots and give a remark on hyperbolic volumes.
Let π be a discrete group of finite type with a surjective homomorphism α : π ։ t Z , where t is a formal element generating Im α, and a representation ρ : π → GL n (O) over the ring O = O F,S of the S-integers, where S is a finite set of the ring O F of integers of a number field F . If the Fitting ideal FittH i (Ker α, ρ) of the i-th Alexander module H i (Ker α, ρ) over O[t Z ] is principal for a fixed i, then we define the i-th twisted Alexander polynomial ∆ α ρ,i (t) to be a generator of FittH i (Ker α, ρ), up to multiplication by units of O[t Z ]. (We denote by= equalities up to this ambiguity. We sometime omit i and α for simplicity.) By the universality of profinite completion, such ρ induces a continuous representation ρ : π → GL n ( O). Let β : π ′ ։ t Z and τ : π ′ → GL n (O) be another such pair. We say ( α, ρ) and ( β, τ ) are isomorphic if they admit isomorphisms ϕ : π ∼ = → π ′ and ψ : t Z ∼ = → t Z satisfying ϕ • α = β • ψ and ϕ • τ ∼ ρ, where ∼ denotes the equivalence by a conjugate in M n ( O). Our main question is the following: To what extent does the isomorphism class of ( α, ρ) determine ∆ α ρ (t)? We denote by Q the algebraic closure of Q in C and assume that a number field F is a subfield of Q. For each prime number p, let C p denote the p-adic completion of an algebraic closure Q p of a p-adic numbers Q p . Such C p is known to be algebraically closed. We fix an immersion ι p : Q ֒→ C p , so that the p-adic norm is defined for any z ∈ Q. Note that the norm map Nr F/Q : F → Q induces a map Nr F/Q : O F,S [t Z ] → Z S [t Z ], where S also denotes the image of S in Z. We say that f (t), g(t) ∈ Z S [t Z ] belong to the same Hillar class if f (t)=u(t)v(t) and g(t)=u(t)v(t −1 ) holds for some u(t), v(t) ∈ R[t Z ]. Let A be any set. For a d-tuple for a d-tuple (α i ) i ∈ A d , we denote by [α i ] i ∈ A d /S d the equivalent class with respect to the natural action of the d-th symmetric group S d . Now our answer to the question is stated as follows:
Theorem 1.1. Let α : π ։ t Z and ρ : π → GL n (O) over O = O F,S be as above. Suppose that the Fitting ideal of H i (Ker α, ρ) over O[t Z ] is principal so that ∆ ρ (t) is defined.
(1) The isomorphism class of ( α, ρ) determines the Hillar class of Nr F/Q ∆ ρ (t) ∈ Z S [t Z ]. If in addition ∆ ρ (t) is reciprocal, then Nr F/Q ∆ ρ (t) itself is determined.
(The Hillar class of) Nr F/Q ∆ ρ (t) determines (that of) divisors of ∆ ρ (t) up to conjugate of F/Q, hence each non-zero root of ∆ ρ (t) up to conjugates of F/Q (and power by ±1), and also the Mahler measure m(∆ ρ (t)).
(2) Let p be a prime number such that all roots of ∆ ρ (t) are placed on the unit circle in C p (This is the case for almost all p). For each root α i of ∆ ρ (t), let ζ i denote the unique root of unity with |α i − ζ i | p < 1. Suppose that ζ i is a primitive l i -th root of unity and put m := gcd{l i } i > 0, so that we have p | l and p | m. Then the isomorphism class of ( α, ρ) determines the families
Let s be any topological generator of Im α = t Z . Then we have s = t v for a unit v of the Prüffer ring Z = lim ← −n Z/nZ. Since the image of t in Im α is not specified, neither be v, while t and v are independent of p. The pair (u, w) is the image of this v under the natural map
If O is a UFD (hence a PID, for O being a Dedekind domain), then ∆ α ρ (t) is defined. If ρ is an SL 2 representation or more generally if ρ is conjugate to its dual, then ∆ K,ρ (t) is reciprocal ([HSW10] , [Hil12, Chapter 6.5] ). The assertion (1) only tells about each divisor of ∆ ρ (t) in O[t Z ], while (2) tells about the multiplicity. If a cyclotomic polynomial decomposes in O[t Z ], then an inevitable ambiguity may occur (Examples 6.2). The proof of (1) is a direct extension of [Uek18a] by Hillar's result [Hil05, Theorem 1.8] on cyclic resultants. In the proof of (2), we invoke the character decomposition of the Iwasawa module of Z/mZ × Z p -cover and some local field theory. The following propositions we prove may reduce the ambiguity in (2). Proposition 1.2. Let 0 = α ∈ Q, let k denote the Galois closure of Q(α), and put d = [k : Q].
Then for any but finite number of prime number p satisfying d|(p − 1), we have α ∈ Q p , |α| p = 1, and |α p−1 − 1| p < 1. Proposition 1.3. Let α, β ∈ Q p with |α − 1| p < 1 and |β − 1| p < 1, and suppose that there exists some w ∈ Z * p with α w = β. If α and β are conjugate over Q p and are not roots of unity, then w is a root of unity. Fox's formula asserts that the absolute cyclic resultants of the Alexander polynomial ∆ K (t) of a knot K coincide with the sizes of the torsions in the cyclic covers (cf. [Web79] ). Hence the asymptotic formula of the torsion growth in the Z-cover with use of Mahler measure ([GAS91]) is a close topic to the profinite detection of ∆ K (t). Recall that the Mahler measure m(f (t)) of
is also defined in a similar way [Uek18a]. Let α : π ։ t Z and ρ : π → GL n (O) be as before. Let X be a connected manifold with π = π 1 (X) and let X ∞ → X and X n → X denote the Z-cover and the Z/nZ-cover corresponding to α and α • (Z ։ Z/nZ) for each n ∈ N >0 . Let ∆ ρ (t) ∈ Z S [t Z ] be a generator of the ideal Nr F/Q Fitt(H 1 (X ∞ , ρ)) ⊂ Z S [t Z ] and call it the norm twisted Alexander polynomial. Write ∆ ρ (t) = a i t i and assume max{|a i | p } i = 1 (say, m p (∆ ρ (t)) = 1) for every p under S. Suppose that ρ is absolutely irreducible (namely, ρ⊗ O Q is irreducible) and non-abelian. Then our Theorem 11.1 asserts the following:
2) For each n ∈ N >0 , put Ψ n (t) = gcd(f (t), (t n − 1)) and r n = Res(f (t), (t n − 1)/Ψ n (t)). Then |torH 1 (X n , ρ)| = |r n | p∈S |r n | p × C n holds for a bounded non-zero sequence (C n ) n .
(3) We have the asymptotic formulas
of torsion growth with use of Mahler measure, where p is any prime number.
This paper is organized as follows. Additional backgrounds and remarks for Theorem 1.1 is given in Section 2. We prove Theorem 1.1 through Sections 3-10. In Section 3, we recall that ρ : π → GL n (O) induces ρ : π → GL n ( O). In Section 4, we define the twisted Alexander polynomial ∆ ρ (t) of ρ and prove Proposition 4.1. In Section 5, we recall the continuous homology H i ( Γ, V ρ ) of profinite completions and paraphrase our question. In Section 6, we remark some properties of cyclotomic divisors in the profinite group ring O[[t Z ]], and reduce our question to the cases without cyclotomic divisors. In Section 7, we recall Hillar's result on cyclic resultant and obtain a lemma. In Section 8, we recall the norm map and prove Theorem 1.1 (1). In Section 9, we prove Theorem 1.1 (2) with use of Iwasawa modules, and give some remarks. In Section 10, we prove Propositions 1.2 and 1.3, invoking some p-adic number theory.
Section 11 is devoted to the refinement of results in [Uek18a] and [Tan18], ρ-twisted analogues of Fox's formula and the asymptotic formulas of torsion growth in a Z-cover with use of Mahler measure. We recall backgrounds, state Theorem 11.1 with some remarks, and prove them. In Section 12, we examine several examples of ∆ ρ (t) of Riley's parabolic representations ρ of 2-bridge knot groups, from viewpoints of Theorems 1.1 and 11.1, and give a remark on hyperbolic volumes.
Preliminary
A question of profinite rigidity is a version of finite detection problem asking to what extent a topological invariant of a 3-manifold M is determined by the isomorphism class of the profinite completion π of the 3-manifold group π = π 1 (M ). Latest progress due to Wilkes, WZ19, Wil18b, Wil18a, BMRS18] are on the geometries of 3-manifolds, the JSJ-decompositions, graph manifolds, and hyperbolic manifolds of a certain class. In addition, Liu proved that mapping classes of a compact surface are almost determined by its finite quotient actions, using twisted Reidemeister torsions [Liu19] . Nevertheless, it is still unknown whether there exists a pair (J, K) of distinct knots such that the profinite completions of their knot groups admit an isomorphism π J ∼ = π K . The profinite rigidity of knots was asked also by B. Mazur from a viewpoint of the analogy between knots and prime numbers [Maz12] . We refer to [Uek18b] and [BF15] for further background.
We proved in our previous paper [Uek18b] that the isomorphism class of π K determines the Alexander polynomial of any knot K in S 3 . Since the image of π ab K = t Z in the isomorphism class of π ab K = t Z is not specified, we needed to study the completed Alexander module over the completed group ring
In this article, we extend this method to the twisted Alexander polynomial ∆ α ρ (t) of a representation ρ : π → GL n (O). We remark that many important representations over C may be regarded as those over O = O F,S (e.g., the holonomy representations of a hyperbolic knot, [CS83]). The completed ring O is sufficiently large, while C = {0}. Hence we consider representations over O.
We note that studied a profinite rigidity of the twisted Alexander polynomial associated to representations over a finite field, in ordered to prove the profinite rigidity of fiberedness of knots. They assumed a "regular isomorphism" so that the image of t in π ab K was assumed to be known. We address a slightly difficult problem here.
The aim of this paper is to investigate to what extent ∆ α ρ (t) is (abstractly) recovered from the isomorphism class of the continuous representation ρ : π → GL n ( O). Namely, suppose that π runs through all discrete groups with α : π ։ t Z . Let R denote the set of the pairs (ρ, α) of the representations ρ : π → GL n (O) and α, P the set of twisted Alexander polynomials ∆ α ρ (t), and R the set of isomorphism class of pairs ( ρ, α) of the profinite completions ρ : π → GL n ( O) and α : π ։ t Z . Then the question is to what extent the correspondence F : R → P factors through the profinite completion : R → R; (ρ, α) → the isomorphism class of ( ρ, α).
On explicit detection of ∆ α ρ (t), after knowing the degree and eliminating cyclotomic divisors, Hillar's method indeed tells that Theorem 1.1 (1) is done in finite time with use of Gröbner basis, while Propositions 1.2, 1.3 tell that so is (2). When we study topology of knots by using twisted Alexander polynomials, difficulty lies in how to find a representation ρ conveying topological information. In order to apply our theorems to a more rustic question of profinite rigidity, we need to combine another type of rigidity theorem finding a good ρ among the set of all representations, such as mentioned by Francaviglia in [Fra04] . It seems also effective to consider the Reidemeister-torsion (=Wada's invariant), which coincides with ∆ α ρ,1 (t)/∆ α ρ,0 up to= in O[t Z ] and has less indeterminacy. See also Remark 12.2.
Continuous representations
Let π be a discrete group. Then the set of finite quotients {π/N | N ✁ π of finite index} forms a directed inverse system with respect to the quotient maps. The profinite completion π of π is the inverse limit lim ← −N✁π π/N as a group and endowed the weakest topology such that Ker( π ։ π/N ) is an open subgroup for every normal subgroup N ✁ π of finite index. It is known that such an inverse system may be reconstructed from the set of isomorphism classes of finite quotients of π [RZ10, Corollary 3.2.8]. A discrete group π is said to be residually finite if for any g ∈ π the exists some normal subgroup N ✁ π of finite index such that the image of g in the quotient π/N is non-trivial. It is equivalent to that the natural map ι : π → π is an injection. For any oriented connected closed 3-manifold M , the group π = π 1 (M ) is residually
For a number field F , let O F denote the ring of integers of F and let S be a finite set of prime ideals of O F . The ring O F,S of S-integers of F is a Dedekind domain obtained by adding all inverse elements of primes in S to O F . For any F , there is some S such that O F,S is a UFD, hence a PID. The profinite completion O of the ring O = O F,S is a topological ring which is defined as the inverse limit lim ← −I O/I of the set of finite quotients O/I as a ring and endowed with the profinite topology.
. By the universality of the profinite completion [RZ10, Lemma 3.2.1], for any continuous homomorphism f : π → H to a profinite group, there is a unique continuous homomorphism f : π → H such that f coincides with the composite f • ι of the natural map ι : π → π and f . Hence we have an induced continuous representation ρ : π → GL n ( O). In other words, we have the following homomorphism
If π is a residually finite group, then this homomorphism is an injection.
Twisted Alexander polynomials
Let π be a discrete group of finite type with a surjective homomorphism α : π ։ t Z , where t is a generator of Im(α), and let ρ : π → GL n (O) be a representation over O = O F,S . Let V ρ denote the module O n regarded as a right π-module via the transpose of ρ. Then Γ := Ker α acts on V ρ via the restriction of ρ.
Let F be a projective resolution of Z over Z [Γ] . Then the homology H i (Γ, V ρ ) with local coefficients is defined to be the homology of the complex F ⊗ Γ V ρ . We write
for simplicity. The conjugate action of π on Γ induces the action of Im(α) = t Z ∼ = π/Γ on H i (Γ, ρ) [Bro94, Chapter III, Corollary 8.2] . Let X be an Eilenberg-MacLane space K(π, 1) of π (e.g. the knot exterior if π is a knot group), and let X ∞ → X denote the Z-cover corresponding to Γ. Then we have a natural isomorphism
Suppose that the Fitting ideal of H i (Γ, ρ) is principal and let ∆ α ρ,i (t) be a generator, which is well-defined up to multiplication by units of O[t Z ]. We call this ∆ α ρ,i (t) the i-th twisted Alexander polynomial. We sometime omit i and α.
In much literature, Wada's invariant defined by the ratio If O is not a UFD, then ∆ α ρ (t) is not necessarily defined. However, we have the following.
Proposition 4.1. Suppose that π admits a presentation with deficiency one (e.g., a knot group). Then the fraction ideal
The following Lemma is due to Hillman. Note that we have
be an exact sequence of modules over a Noether ring R and suppose r = rank(C).
Proof of Proposition 4. 
-modules for a based Alexander modules A and C. The Fitting ideals of A and C are known to be principal ideals. Indeed, this A admits a square presentation and Fitt(A 0 ) is a principal ideal generated by the numerator of Wada's invariant. By using Lemma 4.2 twice for R = O[t Z ] and r = 0, we obtain the equality
is a principal ideal if and only if so is FittH 0 (Γ, ρ). In addition, in any case we have the equality of fraction ideals FittH 1 (Γ, ρ)/FittH 0 (Γ, ρ) = Fitt · A/Fitt · C, and the are generated by W ρ (t).
Continuous homology and profinite completions
Let π be a discrete group with a surjective homomorphism α : π ։ Z and ρ : π → GL n (O) and put Γ = Ker α. Let O[[t Z ]] denote the profinite group ring which is obtained by the profinite completion of the group ring O[t Z ]. In this section, we first see that the continuous homology Γ with local coefficient is isomorphic to the inverse limit of those of Γ, and hence is a finitely generated module over
Let V ρ denote the module O n regarded as a right π-module O n via the transpose of ρ. The homology of the profinite group Γ with coefficient being the profinite module V ρ is defined as the continuous homology of the complex F ⊗ Γ V ρ , where F is a continuous projective resolution of Z over the profinite group ring Z[[ Γ]]. If G is a finite discrete group and B a finite ring, then the continuous homology coincides with the usual group homology.
Let J be an ordered set, (π j ) j∈J an inverse system of profinite groups, and (B j ) j∈J an inverse system of profinite abelian groups. If π = lim ← − π j and B = lim ← −j B j , then for each i 0, we have an isomorphism
Since the set of normal subgroups G of Γ of finite index and the set of ideals I of O of finite index are ordered sets with respect to the inclusions, by using the assertion above twice, we obtain isomorphisms
Since every
Now suppose that π admits a surjective homomorphism α : π ։ t Z and ∆ ρ (t) is defined. Our aim is to reconstruct ∆ ρ (t) = ∆ α ρ,i (t) from the isomorphism class of ( ρ, α). Since the abelianization the profinite completion commute, for Γ = Ker(α) and the induced map α : π ։ t Z , we have Γ = Ker( α). Let s be an arbitrary generator of t Z . Then there exists some v ∈ Z * with t = s v .
Hence we need to study for
, to what extent ∆ ρ (t)=g(t) holds. By replacing s v and v ′ /v by s and v, we may paraphrase our question as follows.
To what extent does f (t)=g(t) hold?
Cyclotomic divisors
The m-th cyclotomic polynomial Φ m (t) is the minimal polynomial of a primitive m-th root of unity over Q. It is known that Φ m (t) ∈ Z[t], that Φ m (t) vanishes at every primitive m-th root of unity, and that m|n Φ m (t) = t n − 1 holds.
By a similar argument to [Uek18b, Section 3], we obtain the following properties.
Proposition 6.1. Let O = O F,S be the ring of S-integers of a number field F and regard
(1)
(2) For any cyclotomic polynomial Φ m (t) and a unit v ∈ Z * , the ratio
Then Φ m (t)|f (t) holds if and only if Φ m (t)|g(t) holds, and implies the the equality
By this assertions, the proof of Theorem 1.1 (1) and Question 5.1 reduce to the cases without cyclotomic divisors. Note that if Φ m (t) decomposes in O[t], then a divisor of Φ m (t) may appear as a divisor of f (t). Theorem 1.1 (1) cannot distinguish divisors of Φ m (t), while (2) may tell more information about the multiplicity.
Examples 6.2. Suppose sin 2π/5 ∈ O ⊂ C and let ζ = ζ 5 be a 5-th root of unity. Then we have a decomposition
. Since the image of f (t) and g(t) under mod(t − ζ) does not coincide, f (t)=g(t) does not hold. However, we have the equality (f (t)) = (g(t v )) of ideals in O[[t Z ]] for some unit v ∈ Z. Hence we cannot distinguish these polynomials.
If such an ambiguity comes from an automorphism of π, then it is not essential for our Question 5.1, while multiplicity of divisors should be cared. See also Examples 12.1 (2).
Cyclic resultants and Hillar's theorem
The n-th cyclic resultant r n of a polynomial f (t) ∈ C[t] is defined as the resultant of f (t) and t n − 1. We have r n = ζ n =1 f (ζ). If f (t) ∈ O[t], then we have r n ∈ O. We call |r n | the n-th cyclic resultant absolute value of f (t 
]. Polynomials f (t), g(t) ∈ R[t] have the same sequence of non-zero cyclic resultant absolute values if and only if there exists u(t), v(t) ∈ C[t] with u(0)
= 0 and l 1 , l 2 ∈ Z 0 satisfying f (t) = ±t l 1 v(t)u(t −1 )t deg(u) ,
and g(t) = t l 2 v(t)u(t).
In this article we say that f (t), g(t) ∈ Z S [t Z ] belong to the same Hillar class if there exist some u(t), v(t) ∈ R[t Z ] with f (t)=u(t)v(t) and g(t)=u(t)v(t −1 ). We easily see that we indeed have u(t), v(t) ∈ R[t Z ] in Proposition 7.1, hence the following.
have the same sequence of non-zero cyclic resultant absolute values, then there are some u(t), v(t) ∈ R[t Z ] with f (t)=u(t)v(t) and g(t)=u(t)v(t −1 ), namely, f (t), g(t) belong to the same Hillar class.
The following assertion is obtained in the proof of [Uek18a, Lemma 3.6].
Proposition 7.3. Let f (t), g(t) ∈ Z[t], v ∈ Z * and suppose that they have no root on roots of unity. If the equality (f (t)) = (g(t v )) of ideals in Z[[t Z ]] holds, then they have the same sequences of non-zero cyclic resultant absolute values.
Combining these above, we obtain the following lemma.
Lemma 7.4. Let f (t), g(t) ∈ Z[t] with no roots on roots of unity, and let v ∈ Z * . Then the equality (f (t v )) = (g(t)) of ideals in Z[[t Z ]] implies that f (t) and g(t) belong to the same Hillar class.
Norm maps
The norm map Nr F/Q : F → Q of a finite extension F/Q is defined by x → σ σ(x) where σ runs through all immersions σ : F ֒→ Q. If x ∈ Q, then Nr F/Q x = x [F :Q] holds. For a finite set S of prime ideals of the ring O F of integers of F , let S also denote the set of prime numbers of Z under S. Then the norm map restricts to the norm map Nr F/Q : O F,S → Z S on the S-integers. In addition, for a Laurent polynomial f (t) = i a i t i ∈ O F,S [t Z ] and an immersion σ : Proof of Theorem 1.1 (1). Theorem 1.1 is an answer to the question asked in Section 1. The question is paraphrased to Question 5.1, and reduces to the cases without cyclotomic divisors by Proposition 6.1.
. By Proposition 6.1, we may assume that they have no root on roots of unity. Put
Now consider the inverse image of ideals by
. We may assume that the largest p-adic norms of coefficients of f (t) and g(t) are both 1 for every p under S, so that we have the equality (F (t)) = (G(t v )) of ideals in Z[[t Z ]]. Now Lemma 7.4 assures that F (t) and G(t) in Z[t Z ] belong to the same Hillar class, hence so do divisors of f (t) and g(t) up to conjugates of F/Q.
If in addition f (t) and g(t) are reciprocal, then we have F (t)=G(t). Hence divisors of f (t) and g(t) coincide up to conjugates of F/Q.
For any α ∈ Q and any prime number p, we have m(t − α) = m(t −1 − α) and m p (t − α) = m p (t −1 − α). Hence the Hillar class of f (t) ∈ Q[t Z ] determines m(f (t)) and m p (f (t)). Therefore m(Nr F/Q ∆ ρ (t)) and m p (Nr F/Q ∆ ρ (t)) are determined by the isomorphism class of ρ.
Iwasawa modules
In this section, we prove Theorem 1.1 (2), (3) by considering the character decomposition of the Iwasawa module associated to a surjective homomorphism Z ։ Z/mZ × Z p and using the Iwasawa isomorphism. Basic references are [Was97] and [Uek18a].
Proof of Theorem 1.1 (2) and (3). For each prime ideal p of the ring O = O F,S , let O p denote the p-adic completion of O, namely, the inverse limit lim ← −n O/p n endowed with a natural topology.
The Chinese remainder theorem yields an isomorphism
given by the composite of the natural surjective homomorphisms O → O p of the coefficient rings and t Z ։ t Z/mZ×Zp of groups, the tensor product ⊗ Op C p , the correspondence f (t) → f (tξ) for each ξ with ξ m = 1, and the Iwasawa isomorphism
By the p-adic Weierstrass preparation theorem [Was97, Theorem 7.3], for β ∈ C p , we have |β| p < 1 if and only if (T − β) is not a unit, and hence the value β is determined by the ideal (T − β). If α ∈ C p with |α| p = 1 and |α − ζ| p < 1, then the image of (t − α) is nontrivial only at the component corresponding to ξ = ζ, and determines the value α/ζ − 1.
Let v ∈ Z * and let (u, w) denote the image of v under the map Z ։ Z/mZ × Z p . By the same argument as above for s = t v ∈ t Z , the image of t − α is nontrivial only for ξ = ζ u , and determines the values (α/ζ) w and ζ u .
Now let f (t) be an ideal of
, so that every nonzero root α i ∈ C p satisfy |α i | p = 1. Then there exists some m ∈ N >0 such that every nonzero root satisfies |α m i − 1| p < 1. Therefore the family of α m 's with multiplicity is determined, again via the Iwasawa isomorphism and the p-adic Weierstrass preparation theorem. Note that such p and m are not explicitly known, since f (t) is unknown. However, it is sufficient for us to take p and m that determine maximal number of roots. Now recall the setting of Theorem 1.1 and the paraphrased Question 5.1. Since v ∈ Z * is unknown, by taking m as above, the families
The Iwasawa module of Z p × Z/mZ-cover decomposes into direct sum by Z/mZ-characters. 
If m, n ∈ Z and A, B ∈ [Q d ] with A m = B m and A n = B n , we do not necessarily have A g = B g for g = gcm(m, n). Indeed, let ζ = ζ 12 be a primitive 12-th root of unity and put
10. Proofs of Propositions 1.2 and 1.3
We invoke some algebraic number theory to prove Propositions 1.2 and 1.3. Although Proposition 1.2 is a well known fact, we give a proof for the convenience of the reader, only assuming basics described in [Mor12] and [Uek18b].
Lemma 10.1.
(1) Let p be a prime number and let n ∈ N >0 . Let ζ i be a primitive i-th root of unity for each i ∈ N >0 . Then Q p (ζ p n −1 ) is the unique unramified extension of Q p of degree n, and is a cyclic extension with the Galois group generated by the Frobenius map ζ n → ζ p n . Let F p n /F p denote the residue extension of Q p (ζ n )/Q p . Then we have natural isomorphisms of Galois groups Gal(Q p (ζ n )/Q p ) ∼ = Gal(F q n /F q ) ∼ = Z/nZ. The Frobenius map corresponds to the multiplication by p in Z/nZ. (Note that there would exist some ν < p n − 1 with Q p (ζ ν ) = Q p (ζ p n −1 ).)
(2) A prime number p is ramified in a finite extension k/Q if and only if p divides the discriminant d k of k/Q. Hence only finite number of prime numbers p are ramified in k/Q.
Proof of Proposition 1.2. We assume that p is unramified in k/Q, noting that only finite number of prime numbers are ramified in k/Q by Lemma 10.1 (2). Put k p = Q p k, and let F p n denote the residue field of k p . Since k p /Q p is an unramified finite extension, Lemma 10.1 (1) assures that
Indeed, let p denote the prime ideal over (p) defined by Q ֒→ Q p and let D < Gal(k/Q) denote the decomposition group of p. The action of D on k/Q induces a continuous action of D on k p /Q p and hence a group homomorphism ı : D ֒→ Gal(k p /Q p ), which is an injection by k ⊂ k p . Conversely, Gal(k p /Q p ) acts on k by restriction and induces a group homomorphism j : Gal(k p /Q p ) ֒→ Gal(k/Q). Since k is dense in k p , this map j also is an injection. By the uniqueness of extension of p-adic valuation, p-adic valuation of k p is stable by the action of Im(). Hence we have Im() ⊂ D, and j
֒→ D is an identity map. Since j is an injection, ı and  are inverse maps to each other, and we have an isomorphism ι :
Therefore we have k D = l and D = Gal(k/l). Since k/l is a subextension of k/Q, we have [k : l] = n and hence n|d. Recall that the Frobenius map corresponds to the multiplication by p in Z/nZ. If d|(p − 1), then n|(p − 1), and the Frobenius map is trivial. Therefore we have F q = F p , k p = Q p , and α ∈ Q p . Now let ω : F p ֒→ Q p be a Teichmüller lift. For all but finite number of p, we have |α| p = 1. For such p and α, the image ζ of α via Q p ։ F p ω ֒→ Q p is a (p − 1)-th root of unity. Hence we have |α − ζ| p < 1 and |α p−1 − 1| p < 1.
Proof of Proposition 1.3. Let k/Q be a finite Galois extension with α, β ∈ k, let k p denote the closure of k in Q p , and let σ ∈ Gal(k p /Q p ) with β = α σ . Then we have Qp] . By the assumption that α is not a root of unity, we have w [kp:Qp] = 1. Hence w is a root of unity.
Torsion growth
In this section, we generalize a ρ-twisted version of Fox's formula for Z-covers and asymptotic formula of torsion growth in a Z-cover, following [Uek18a] and [Tan18]. We recorrect known results in §10.1, state our Theorem with some remarks in §10.2, and prove them in §10.3.
Backgrounds
Let ∆ K (t) denote the Alexander polynomial of a knot K in S 3 and let X n → X = S 3 − K denote the Z/nZ-cover. Fox's formula (cf.
[Web79]) tells that the order of the Z-torsion subgroup torH 1 (X n ). If ∆ K (t) does not vanish at roots of unity, then the order satisfies |torH 1 (X n )| =
where we denote by Res(f (t), g(t)) ∈ O the resultant of
. In addition, we easily see that if we put Ψ n (t) = gcd(∆ K (t), t n − 1), then we have |torH 1 (X n )| = Res(∆ K (t), (t n − 1)/Ψ n (t). We define the Mahler measure m(f (t)) of a
log |f (z)| z dz, which is naturally interpreted even if f (t) has roots on |z| = 1. If
, then m(f (t)) = a 0 |α i |>1 α i holds (Jensen's formula). Since the integral over |z| = 1 coincides with the limit of the mean value of f (ζ) for ζ n = 1, Fox's formula (cf.
[Web79]) yields the asymptotic formula |torH 1 (X n )| 1/n = m(∆ K (t)) of torsion growth (cf.
[GAS91]). If we replace the absolute value by the p-adic norm with |p| = p −1 , then by a similar argument we obtain |torH 1 (X n )|
Here we define 
, where we also denote by S the image of S in Z. Let X ∞ → X = S 3 − K denote the Z-cover and X n → X the Z/nZ-cover for each n. Suppose that O is a UFD and let ∆ ρ (t) be a generator of the Fitting ideal of the finitely generated torsion O[t Z ]-module H 1 (X ∞ , ρ). If ρ is irreducible, namely, all residual representations are irreducible, then we have H 0 (X ∞ , ρ) = 0 [Tan18, the latter half of Corollary 3]. Suppose H 0 (X ∞ , ρ) = 0. Then the i-th twisted Alexander polynomial coincides with the usual twisted Alexander polynomial ∆ ρ (t). Put ∆ ρ (t) := Nr F/Q ∆ ρ (t). The Wang exact sequence induces a natural isomorphism
does not vanish at roots of unity, then we have
indicates equality up to multiplication by S. If S = ∅, then we have lim
Theorem
Our aim here is to remove several assumptions above. Let O = O F,S denote the S-integer of a number field F . We do not assume that O is a UFD. Let π be a finite type discrete group with a surjective homomorphism α : π ։ Z and a representation ρ : π → GL n (O), whose residual representation is not necessarily irreducible. Let X be a connected manifold with π 1 (X) = π and let X ∞ → X and X n → X denote the Z-cover and Z/nZ cover corresponding to α and (Z ։ Z/nZ)
Theorem 11.1. Suppose that ρ : π → GL n (O) is non-abelian and absolutely irreducible. Then, (1) For each n ∈ N >0 , the Wang exact sequence induces a natural isomorphism
(2) Put Ψ n (t) := gcd(∆ ρ (t), t n − 1). We have the equality up to multiplication by S:
where C n = 0 is a bounded sequence. If Ψ n (t) = 1, then C n = 1 holds. Putting r n = Res(∆ ρ (t), (t n − 1)/Ψ n (t)), we have |torH 1 (X n , ρ)| = |r n | p∈S |r n | p × C n .
(3) Take ∆ ρ (t) (or ∆ ρ (t)) so that |∆ ρ (t)| p = 1 holds for every p ∈ S. Then we have the asymptotic formulas of torsion growth
for any prime number p.
If we have ζ with a ζ = 0, then the corresponding direct summand is a free O-module and the equality becomes 0 = 0. Since each direct summand corresponding to ζ with a ζ = 0 is a Z-torsion, if we put Ψ n (t) = gcd(∆ ρ (t), t n − 1) and restrict the sum, we obtain |tor(H ρ /(t n − 1)H ρ )| = S |Res(∆ ρ (t), t n − 1/Ψ n (t))| × C n , where C n = 0 is a bounded sequence.
Since O = O F,S -module has no p-torsion for each p ∈ S, by putting r n = Res(∆ ρ (t), (t n − 1)/Ψ n (t)), we have |torH 1 (X n , ρ)| = |r n | p∈S |r n | p × C n .
Another proof of (2) may be given by taking ⊗ O O p for every prime ideals p of O. Since O p is a PID, we may apply the original argument over a PID. Taking the product of the equality associated to p's and noting the property of the Norm map and the p-adic completion, we obtain the same result.
Proof of Theorem 11.1 (3). Recall that finite number of roots of unity may be skipped in the definition of (p-adic) Mahler measure. By the p-adic asymptotic formula ([Uek18a, Theorem 2.5]) and the assumption, we have lim (2), we obtain the desired formula lim
Riley's representations
We revisit examples of twisted Alexander polynomials of Riley's parabolic representations of 2-bridge knot groups exhibited in [Tan18, Section 9] and [HM10, Example 2.3].
Examples 12.1. For a 2-bridge knot K, let u = α be a root of Riley's polynomial Φ K (1, u) corresponding to a non-abelian representation ρ : 
(ii) Let K be the figure-eight knot. Then ∆ ρ (t) = t 2 −4t+1 ∈ Z[
2 ] is a UFD. We have ∆ ρ (t) = (t 2 + 1) 2 (t 8 − t 6 + t 4 − t 2 + 1) = Φ 4 (t) 2 Φ 20 (t), hence lim n→∞ |torH 1 (X n , ρ)| 1/n = m(∆ ρ (t)) = 1 and lim n→∞ |torH 1 (X n , ρ)| 1/n p = m p (∆ ρ (t)) = 1.
(iv) Let K = 5 2 , which is the 2-bridge knot K(3/7) of type (3, 7) in [HM10, Example 2.3 (3)], so that we have π = x, y | wx = yw with w = xyx −1 y −1 xy, Φ K (1, u) = u 3 + u 2 + 2u + 1, and Wada's invariant W ρ (t) = (4 + α 2 )t 2 − 4t + (4 + α 2 ) for ρ ⊗ C corresponding to a root u = α of Φ K (1, u). PARI/GP [The18] tells that the class number of F = Q(α) is 1, hence O F is a PID, we have O F = Z [α] . In addition, the discriminant is −23, hence only p = 23 is ramified in F/Q. Therefore ∆ ρ (t) is defined and coincides with W ρ (t). (Even if O is not a UFD, we still have ∆ ρ (t) = Nr F/Q W ρ (t).)
We have ∆ ρ (t) = Nr F/Q ∆ ρ (t) = Φ(1,u)=0 ((4t 2 −4t+4)+u 2 (t 2 +1)) = (4t 2 −4t+4) 3 −3(4t 2 − 4t+4) 2 (t 2 +1)+2(4t 2 −4t+4)(t 2 +1) 2 +(t 2 +1) 3 = 25t 6 −104t 5 +219t 4 −272t 3 +219t 2 −104t+25. (This ∆ ρ (t) coincides with [SW09, Example 4.5], ∆ ρ Φ (t) associated to the total representation ρ Φ : π → GL 8 (Z) of the Riley polynomial Φ K (1, u) = u 3 + u 2 + 2u + 1.) By Theorem 11.1, we have lim n→∞ |torH 1 (X n , ρ)| 1/n = m(∆ ρ (t)) and lim n→∞ |torH 1 (X n , ρ)| 1/n p = m p (∆ ρ (t)) = 1.
Theorem 1.1 (1) assures that the isomorphism class of ρ determines ∆ ρ (t) of (i)-(iv), hence ∆ ρ (t) of (i) and (ii). Indeed, ∆ ρ (t) in (i) and (ii) are recovered from the image by Nr F/Q , only by noting that they should belong to O[t Z ].
In (i) for instance, even if we take a larger field F so that t ± √ −1 ∈ O[t Z ], we may still say ∆ ρ (t) = (t ± √ −1) 2 hence ∆ ρ (t) = t 2 + 1 by Theorem 1.1 (2).
In (iii), we cannot distinguish divisors φ 2 ] of Φ 20 (t). This ambiguities are inevitable, since these two factors correspond to each other by t → t v for some v ∈ Z * .
If there is some automorphism τ of π such that ∆ ρ•τ (t) = (t 2 +1)(t 4 − 1− √ 5 2 t 2 +1) = Φ 4 (t)φ − 20 (t) holds, then this ambiguity is not essential.
In (iv), ∆ ρ (t) gives three candidates for ∆ ρ (t) ∈ Z[α][t Z ]. Since the holonomy representation corresponds to both of non-real roots of u 3 + u 2 + 2u + 1, we may eliminate one candidate and determine ∆ ρ (t) up to complex conjugate.
Remark 12.2. One may ask if the hyperbolic volume Vol(K) of a hyperbolic knot K is determined by the isomorphism class of the profinite completion ρ of the holonomy representation ρ : π K → SL 2 (O). Let ρ n denote the composite of ρ and the symmetric representation SL 2 (O) → SL n (O) for each n > 1. Goda's deep result [God17, Theorem 1.1] tells that if we put A 2m (t) = W ρ 2m (t)/W ρ 2 (t) and A 2m+1 (t) = W ρ 2m+1 (t)/W ρ 3 (t) for each m > 0, then we have The knots in Examples 12.1 (ii) and (iv) are hyperbolic, while (i) and (iii) are not. In the case of the figure eight knot (ii), since u ∈ O satisfies Nr F/Q u = |u| 2 , the volume Vol(K) is determined by ρ. (Due to , the figure eight knot has the absolute profinite rigidity.)
In general, if the numbers r 1 and 2r 2 of real and complex infinite places of a number field F satisfy r 1 + r 2 > 1, then then O = O F has a unit u with the modulus |u| = 1. The field F in (iv) is a complex cubic field and satisfies r 1 + r 2 > 1. Hence the modulus |∆ ρ (1)| cannot be recovered from the norm Nr F/Q ∆ ρ (1).
We may conclude at this moment that if F is an imaginary quadratic field and the holonomy representation of a knot K has a presentation ρ : π K → SL 2 (O) for O = O F , then the hyperbolic volume of K is recovered from the isomorphism class of ρ.
